Abstract. We introduce a natural generalization of the Haagerup property of a finite von Neumann algebra to an arbitrary von Neumann algebra (with a separable predual) equipped with a normal, semi-finite, faithful weight and prove that this property does not depend on the choice of the weight. In particular this defines the Haagerup property as an intrinsic invariant of the von Neumann algebra. We also show that such a generalized Haagerup property is preserved under taking crossed products by actions of amenable locally compact groups.
Introduction
In [15] Haagerup showed that the reduced group C * -algebras of the free groups have the completely contractive approximation property (CCAP) (or the metric approximation property in the sense of Grothendieck). In order to do so, he constructed a sequence of positive definite normalized C 0 -functions {ϕ k } k∈N on the free group that converges to the identity function pointwise. The resulting property for arbitrary groups, replacing pointwise convergence by uniform convergence on compacta, is nowadays commonly called the Haagerup property. In the literature this approximation property sometimes has alternative names, such as Property H or Gromov's a-T-menability. We refer to the book [5] for further background.
The Haagerup property can also be defined for a finite von Neumann algebra equipped with a fixed faithful tracial normal state, with the original motivation coming this time from the study of cocycle actions on von Neumann algebras [9] . The following Defintion 1.1 is one of the equivalent ones [19] , closest to the setup developed further in this article. Definition 1.1. Let M be a finite von Neumann algebra and let τ be a faithful, normal tracial state on M. Then (M, τ ) has the Haagerup property if there exists a sequence of normal, completely positive maps {Φ k : M → M} k∈N such that τ • Φ k ≤ τ and moreover the L 2 -maps xΩ τ → Φ k (x)Ω τ with x ∈ M extend to compact maps converging to 1 strongly. Here Ω τ is the cyclic vector in the GNS-representation, so that τ ( · ) = · Ω τ , Ω τ .
Consider the group von Neumann algebra of a discrete group equipped with the canonical tracial vector state given by the Dirac mass at the identity. Then, in [8] it is proved that the (equivalently defined) von Neumann algebraic Haagerup property agrees with the Haagerup property of a discrete group. Later, the Haagerup property was considered in [4] , [1] , and then studied in detail in [19] . In particular, Jolissaint [19] proved that the Haagerup property is independent of the choice of the normal tracial state. He also showed that if (M, τ ) has the Haagerup property, then the completely positive maps may be chosen unital and trace preserving, i.e. τ • Φ k = τ .
Further facts concerning the Haagerup property for finite von Neumann algebras can be found for example in [20] and [3] . In particular, [3] , in the same spirit as Jolissaint's result mentioned above, shows that the subtraciality condition can be dropped completely in fact (but one still has to assume that the maps Φ k admit bounded -in fact, compact -extensions to the relevant L 2 -space). The paper [3] contains also a version of this result for correspondences.
consider the Haagerup property with respect to an arbitrary weight; it would have been insufficient to restrict Definition 1.2 to the case of a normal, faithful state. The reason is that given a state on a von Neumann algebra, its dual weight on the crossed product is not finite anymore. After deriving weight independence (Theorem 1.3) we are able to improve on our initial crossed product results and arrive at the following theorem. Theorem 1.4. Let M be a von Neumann algebra and let α : G → Aut(M) be any strongly continuous action of a second countable locally compact group G on M by automorphisms. If the crossed product M ⋊ α G has the Haagerup property, then so does M.
Finally, we find the converse of this result if G is amenable. Theorem 1.5. Let G be amenable. If M has the Haagerup property, then so does M ⋊ α G.
As mentioned, our arguments are to an extent inspired by results of Haagerup and Kraus [17] . Compared to [17] , it is the interaction between the L ∞ -and L 2 -level appearing in the Haagerup property that requires overcoming extra difficulties.
An alternative approach to the Haagerup property for an arbitrary von Neumann algebra, based on working with standard forms, has been developed simultaneously with our work by Rui Okayasu and Reiji Tomatsu, see [21] . The approaches turn out to be equivalent and the proof of this fact relies on the stability properties of the Haagerup property with respect to the crossed product, see [7] . After completion of both these works [21] , [7] other (slightly different) approaches and proofs of these equivalences were found, see [22] , [6] and in particular [6, Section 4] for a list of equivalences.
Contents. The structure of this paper is as follows. Section 2 fixes preliminary notation and results. Section 3 defines the Haagerup property and proves some auxiliary lemmas. In Section 4 we treat the semi-finite case of Theorem 1.3. Section 5 settles the notation for crossed products and contains the main results. Here we prove Theorems 1.3 and 1.4. Finally, Section 6 proves Theorem 1.5.
Preliminaries
In this section we fix some of the terminology and recall certain known results that will be of use in the following sections.
Convention: All von Neumann algebras M in this article are assumed to have separable preduals. In particular, this implies that each M admits a faithful, normal state. Groups are supposed to be second countable.
Given a von Neumann algebra M with a faithful normal semi-finite weight ϕ we write n ϕ for the left ideal {x ∈ M : ϕ(x * x) < ∞} and L 2 (M, ϕ) for the completion of n ϕ with respect to the scalar product x, y ϕ = ϕ(y * x), (x, y ∈ n ϕ ). The GNS-embedding map from n ϕ into L 2 (M, ϕ) will be denoted by Λ ϕ or Λ when it is clear which weight is involved, and the norm in L 2 (M, ϕ) by · 2 . Recall that Λ ϕ is a closed map with respect to σ-weak/weak topology. Furthermore, we write m ϕ for the linear span of n * ϕ n ϕ , (σ ϕ t ) t∈R (or just (σ t ) t∈R ) for the modular automorphism group of ϕ and J for the modular conjugation acting on L 2 (M, ϕ). The centralizer M ϕ is the von Neumann subalgebra of M defined as {x ∈ M : σ ϕ t (x) = x, t ∈ R}. The σ-weak (ultraweak) tensor product of von Neumann algebras M 1 and M 2 will be denoted by M 1 ⊗M 2 . Generally speaking, we follow the notation of [27] .
The following lemma is a standard application of the Kadison-Schwarz inequality.
Lemma 2.1. Let M be a von Neumann algebra with two normal, semi-finite, faithful weights ϕ and ψ. Let Φ : M → M be a completely positive map such that ϕ • Φ ≤ ψ. Then, there exists a bounded map
We will usually denote the induced map in B(
Following [19] if (M, ϕ) are as above (and ψ = ϕ) we will say that a completely positive map Φ :
The following Fubini type lemma allows us to interchange the integration with respect to a weight. Its abstract, generalized C * -algebraic version can be found for example in [28, Proposition 4.6.6].
Lemma 2.2. Let M be a von Neumann algebra with normal, semi-finite, faithful weight ϕ. Let (X, µ) be measure space with Radon measure µ on a Borel measure space X. Let f ∈ X → M + be a compactly supported σ-weakly integrable function. Then,
Proof. Since ϕ is normal, we may write [27, Theorem VII.1.11],
The next result is a consequence of [27, Lemma 3.18 (i)]; we give a simple proof for the sake of completeness.
Lemma 2.3. Let ϕ be a normal, semi-finite, faithful weight on a von Neumann algebra M. Let e ∈ M be in the centralizer of ϕ. Suppose that e ≤ 1. Then,
Proof. We may assume that x ∈ m + ϕ , since otherwise ϕ(x) = ∞ and this inequality is trivial. We may also assume that x = y * y for some y ∈ n ϕ , since m + ϕ is spanned by such elements. Then, using σ ϕ t (e) = e in the second equality, and Je * eJ ≤ 1 in the fourth (in)equality,
which proves (2.1).
Finally we shall briefly use the following standard lemma, which can be derived from Stone's theorem. We omit the proof. Lemma 2.4. Let M be a von Neumann algebra with normal, semi-finite, faithful weight ϕ. Let α : R → Aut(M) be a strongly continuous ϕ-preserving 1-parameter group of automorphisms. Then, there exists a unique (unbounded) positive, self-adjoint operator P such that P it Λ ϕ (x) = Λ ϕ (α t (x)), t ∈ R. The mapping t → P it is strongly continuous.
Definition of the Haagerup property
We consider the most general definition of the Haagerup property with respect to a weight. In concrete examples, such as von Neumann algebras of discrete groups and discrete quantum groups, one is usually interested in the case that the weight is finite, i.e. a state. However, even if in the end one would want to consider only this restricted setup our proofs require the passage to the general, infinite context.
Recall Lemma 2.1 and the terminology introduced after it. 
Remark 3.2. Note that by the Principle of Uniform Boundedness, the sequence {T k } k∈N of compact maps on L 2 (M, ϕ) is bounded. We use this remark implicitly in our proofs.
The above definition coincides with the definition introduced for a finite von Neumann algebra equipped with a faithful normal tracial state in [8] (see also the discussion in Section 4 of [1] ), and later studied in detail in [19] . A recent definition of the Haagerup property proposed in [10, Definition 6.3] (see also [2] and [11] ) assumes that the maps Φ k are unital and state preserving. In fact [19, Proposition 2.2] shows that if ϕ is a faithful tracial state and (M, ϕ) satisfies the Haagerup property, then the approximating maps Φ k can all be chosen unital and trace preserving. Remark 3.3. Another possible route to defining a Haagerup-type property of a general von Neumann algebra, chosen for example in [18] , is given via the compact approximation property introduced in Definition 4.13 of [1]: we say that a von Neumann algebra M has the compact approximation property if there exists a sequence {Φ k : M → M} k∈N of normal, completely positive maps such that the following properties hold:
It is not difficult to see that for a finite von Neumann algebra M the Haagerup property implies the compact approximation property (in particular in the situation where ϕ is a finite trace and Φ i are unital the condition (2) above is equivalent to condition (3) in Definition 3.1); moreover they are equivalent for the group von Neumann algebras of discrete groups, as noted in Proposition 4.16 of [1] . Now we collect a couple of facts following immediately from the definition, which will be needed later on. Proof. Let {e i } i∈N be an orthonormal basis of H. Let P k be the projection onto the linear span of
It is straightforward to check that {Φ k } k∈N is a sequence of normal, completely positive maps that witnesses the Haagerup property of (B(H), Tr).
Recall the tensor product construction for weights, as described for example in [27, Section VIII.4].
Lemma 3.5. Let (M, ϕ), (N , ψ) be pairs of a von Neumann algebra and a normal, semi-finite, faithful weight. If (M, ϕ) and (N , ψ) have the Haagerup property, then so does (M⊗N , ϕ ⊗ ψ).
is a sequence of completely positive maps that witnesses the Haagerup property of (M, ϕ) (resp. (N , ψ)), then {Φ k ⊗ Ψ k } k∈N witnesses the Haagerup property for (M⊗N , ϕ ⊗ ψ). We leave the details to the reader.
Remark 3.6. The converse of Lemma 3.5 is also true. We found it more suitable to postpone the proof to Lemma 5.8.
The Haagerup property for semi-finite von Neumann algebras
This section is devoted to proving that for a semi-finite von Neumann algebra the Haagerup property is independent of the choice of weight. Our main tool is the Radon-Nikodym derivative [24] . Our proofs should be compared to those of Jolissaint from [19] , treating the case of a finite von Neumann algebra. Here, we overcome some additional technicalities due to the fact that we work with infinite weights instead of finite tracial states.
Lemma 4.1. Let M be a von Neumann algebra equipped with a normal, semi-finite, faithful weight ϕ. Let {e n } n∈N be a sequence of projections contained in the centralizer of ϕ such that e n ր 1. Let ϕ (n) be the restriction of ϕ to e n Me n . If (M, ϕ) has the Haagerup property then for every n ∈ N, (e n Me n , ϕ (n) ) has the Haagerup property. Conversely, if for every n ∈ N, (e n Me n , ϕ (n) ) has the Haagerup property and the approximating maps (i.e. Φ k in Definition 3.1) are contractive for each n, then (M, ϕ) has the Haagerup property.
Proof. It deserves to be emphasized that for x ∈ m ϕ and a in the centralizer of ϕ, the elements xa and ax are in m ϕ , see [27, Lemma VIII.2.4] . So indeed, the restriction of ϕ to the corner e n Me n is semi-finite. The GNS map of ϕ (n) denoted by Λ ϕ (n) can be taken as the restriction of Λ ϕ to n ϕ ∩ e n Me n .
First, assume that (M, ϕ) has the Haagerup property. Let {Φ k } k∈N be the sequence of normal, completely positive maps satisfying conditions 1 -3 of Definition 3.1, and hence witnessing that (M, ϕ) has the Haagerup property. Let T k be the corresponding L 2 -map of Φ k , see Lemma 2.1.
Fix an index n ∈ N. Set Ψ k ( · ) = e n Φ k ( · )e n . We claim that the sequence {Ψ k } k∈N witnesses the Haagerup property for (e n Me n , ϕ (n) ). Using (2.1) it follows directly that Property 1 of Definition 3.1 is satisfied. For x ∈ n ϕ (n) it follows again from [27, Lemma VIII.2.4] that,
which means that Ψ k (x) ∈ n ϕ (n) . Furthermore, using that σ ϕ t (e n ) = e n , we have that,
extends to a compact map T (n)
k . Moreover, for x ∈ n ϕ (n) , we have,
where the convergence is in norm of L 2 (M, ϕ). Since the norms T k are uniformly bounded, it follows from a 3ǫ-estimate that for every n ∈ N we have T
Next, we prove the converse. Let {Φ (n) k } k∈N be the sequence of completely positive maps witnessing the Haagerup property for (e n Me n , ϕ (n) ). By assumption we may assume that Φ
is contractive. Let F be a finite subset of n ϕ . Choose n ∈ N such that for every
Then, choose k := k(n) such that for every x ∈ F we have
We claim that Ψ n (x) := Φ (n) k(n) (e n xe n ), x ∈ M witnesses the Haagerup property for (M, ϕ). Indeed, using (2.1) one verifies property 1 of Definition 3.1. Let x ∈ n ϕ . Then, e n x * e n xe n ≤ e n x * xe n ∈ m ϕ by [27, Lemma VIII.2.4], so that e n xe n ∈ n ϕ . Then, also Ψ n (x) ∈ n ϕ . Moreover,
Now, using the separability of L 2 (M, ϕ) and letting n depend on the finite set F , this implies that we may in fact find a suitable sequence Ψ n such that properties 2 and 3 are satisfied. Note that the L 2 -implementations of Ψ n converge to 1 strongly by the fact that they are contractive, the previous equations and a standard 3ǫ-estimate.
In the formulation of the next proposition we use the Radon-Nikodym theorem for weights on von Neumann algebras, [24, Theorem 5.12 ] (see also [27, Corollary VIII.3.6] ). Proof. Let h be the Radon-Nikodym derivative of ϕ with respect to τ , i.e. the self-adjoint operator affiliated with M such that ϕ = τ h (see [27, Lemma VIII.2.8] for the meaning of the last formula). First we treat the case that h is a bounded and boundedly invertible operator. In this case, we have ϕ(x) = τ (h 1 2 xh 1 2 ) for every x ∈ M + . Let {Ψ k } k∈N be the sequence of completely positive maps that witnesses that (M, τ ) has the Haagerup property, i.e. satisfies conditions 1 -3 of Definition 3.1 with ϕ replaced by τ . In particular, we let T k be the compact operator on
Clearly, Φ k is a completely positive map. Now, for x ∈ M + we have,
and hence 1 of Definition 3.1 follows. For the GNS-map we have
2 . Recall that n ϕ and n τ are left ideals. Take x ∈ n ϕ . Then, h
It is clear that the mappings Λ ϕ (x) → Λ ϕ (Φ k (x)) extend to compact operators and as k → ∞ tend strongly to 1. Now we pass to the the general case. Let h be as in the statement of the proposition and let e n be the spectral projection of h for the interval [ 1 n , n]. Consider the corner algebra e n Me n . Both ϕ and τ restrict to (normal, faithful) semi-finite weights on e n Me n (see the first paragraph of the proof of Lemma 4.1). If ϕ (n) and τ (n) denote their respective restrictions, then ϕ (n) = τ (n)
enh . Note that e n h is invertible in e n Me n . So, if (M, τ ) has the Haagerup property, then we see that (e n Me n , τ (n) ) has the Haagerup property for every n, c.f. Lemma 4.1. By the earlier paragraphs this implies that (e n Me n , ϕ (n) ) has the Haagerup property for every n ∈ N. Moreover, [6, Lemma 3.3] which also holds without the word 'symmetric' in its statement, the proof being essentially the same and independent of any other results, shows that the approximating maps witnessing the Haagerup property for each (e n Me n , ϕ (n) ), n ∈ N may be chosen contractive 1 This is necessary to assure the uniform bounds on the L 2 -implementations; the original arXiv version of this article had a gap here, we thank the referee and Narutaka Ozawa for pointing this out.
Proof. Without loss of generality, we may assume that ϕ = τ is a normal, semi-finite, faithful trace. But then, the theorem follows from Proposition 4.2, since every normal, semi-finite, faithful weight ψ is of the form ϕ h for some self-adjoint h affiliated with M. See [27, Theorem VIII.3.14] for details.
The Haagerup property for arbitrary von Neumann algebras
In this section we treat general von Neumann algebras (with separable preduals) and prove one of the main results of this article: the Haagerup property of a von Neumann algebra does not depend on the choice of the weight. Our main tool is crossed product duality: we show that the Haagerup property is preserved under passage to the crossed product by an action satisfying suitable conditions. Our proofs should to some extent be compared to those of Haagerup and Kraus [17] .
5.1. Preliminaries regarding von Neumann algebraic crossed products. We recall the necessary preliminaries on crossed products, for which we refer to [27] , [25] , [13] and [14] (we follow the notation and terminology of [17] ). Let M be a von Neumann algebra equipped with a normal, semifinite, faithful weight ϕ. The Hilbert space on which M acts will be denoted by H. Furthermore, let G be a locally compact group (with a fixed left invariant Haar measure, the resulting Hilbert space L 2 G and the modular function ∆ G ; the norm in L 1 G will be denoted by · 1 ) and α : G → Aut(M) be a strongly continuous group of automorphisms of M. The crossed product von Neumann algebra N := M⋊ α G is the von Neumann algebra acting on H⊗L 2 G ≃ L 2 (G, H) generated by the operators π(x), x ∈ M, and λ(t), t ∈ G, that are determined by the formulas:
We shall work with the following useful presentation for the crossed product (see [13] , [14] ). Let C c (G, M) denote the space of compactly supported σ-strong- * continuous functions on G with values in M. We endow C c (G, M) with an involution and a convolution product as follows: for
Furthermore, we set
We shall also use the following formula. Fix
Recall the extended positive part M 
In fact the articles [13] , [14] contain the following result, concerning the core of the GNS map for the dual weightφ.
Lemma 5.1. Let ϕ be a normal, semi-finite, faithful weight ϕ on M and setφ = ϕ • π −1 • T . Then, ϕ is a normal, semi-finite, faithful weight on N . Let,
The set µ(B ϕ ) is contained in nφ and is a σ-weak/norm core for the GNS-map Λφ. 
is a normal, completely positive map. Moreover, for x ∈ M we have
Proof. By [17, Lemma 3.5] the statement is true for f ∈ C c (G). Recall that λ(C c (G)) is a σ-weak/norm core for the GNS-map of the Plancherel weight on the group von Neumann algebra of G [27, Definition VII.3.2]. So in case of a general f ∈ L 2 (G) as above, we may take a net
It follows that Λ ω•T (λ(f j )) is a Cauchy net as f j is a Cauchy net. Since Λ ω•T is σ-weak/norm closed it follows that λ(f ) ∈ n ω•T for every ω ∈ M * . This implies that T (λ(f ) * λ(f )) ∈ M + and so λ(f ) ∈ n T . Then T f is a normal completely positive map. Finally, let again ω ∈ M * . Since α is strongly continuous s → ω(α s (x)) is continuous for every x ∈ M [26, Theorem II.2.6]. Then,
This completes the proof.
Next, we recall the constructions dual to those we have introduced so far. The von Neumann algebra N can naturally be viewed as a von Neumann subalgebra of the ultraweak tensor product M⊗B(L 2 G). Explicitly the embedding is given as follows: the group von Neumann algebra L(G) ⊆ N is embedded inside M⊗B(L 2 G) by λ(t) → 1 M ⊗ λ(t), where t ∈ G, and each operator π(x) (x ∈ M) can be identified with the operator (π(x)ξ)(s) = α −1
ρ s = Ad r s and β s = α s ⊗ ρ s , so that ρ and β are strongly continuous groups of automorphisms acting on respectively B(L 2 G) and M⊗B(L 2 G). Then N equals exactly the fixed point algebra of β. Moreover, there exists a normal, semi-finite, faithful operator valued weight S:
If ψ is a weight on N , then the composition ψ • S is a weight on M⊗B(L 2 G), preserved under the action of β. We also set, for t ∈ G, f ∈ C c (G),
, where the right leg is understood as a multiplication operator. One may then verify that
In the special case of G = R, the operator valued weight T takes the following explicit form. Firstly, there exists a unique strongly continuous 1-parameter automorphism group R → Aut(N ) called the dual action, determined by the formulas
Further π(M) is precisely the fixed point algebra {y ∈ N | ∀s ∈ R : θ s (y) = y}. Thus T is determined by the prescriptions
and the dual weight of ϕ is defined asφ = ϕ • π −1 • T . Note that we may identify M with π(M) via the normal map π; this gives the proper interpretation to (5.6). One may then check thatφ is a normal, semi-finite weight on N which is faithful if ϕ is faithful. Clearly,φ • θ s =φ for every s ∈ R. Finally note that in what follows we shall often need a standard Fubini type argument, allowing us to exchange the σ-weak integrals of M-valued functions with a normal weight ϕ, contained in Lemma 2.2. We shall sometimes use it in the proofs without further reference.
5.2.
The approximating maps and the Haagerup property for crossed products. In the remainder of this section we use the framework introduced above to study the Haagerup property and its behaviour with respect to passing to crossed products. Lemma 5.3. Let M, N , ϕ,φ, α, G be as in Subsection 5.1. Assume moreover that α is ϕ-preserving.
Moreover, suppose that λ(f ) ≥ 0. Let e f ∈ N be the support projection of λ(f ). The weight ϕ f (x) :=φ(λ(f )xλ(f )) restricted to x ∈ e f N e f is semi-finite.
Proof. Let {x i } i∈I be an increasing net of positive elements in n ϕ such that x i ր 1 strongly. Such a net exists by applying [27, Proposition II.3.3] to m ϕ , which is contained in the left ideal n ϕ . The map π : M → N is normal so that it preserves suprema and hence π(x i ) → 1 strongly in N . By Lemma 5.2 we see that,φ
This means that there exists a net in e f nφ f e f converging strongly to e f . Since, e f nφ f e f is a left ideal in e f N e f it is therefore strongly dense, which proves the lemma.
Proposition 5.4. Let M, N , ϕ,φ, α, G be as in Subsection 5.1. Assume moreover that α is ϕ-
Let e f be the support projection of λ(f ) in N and letφ f be the restriction of the weight
to the corner algebra e f N e f (we will slightly abuse the notation and denote byφ f also the weight on N defined by the equality (5.7), before the restriction). Then the following statements hold.
(1) If ϕ is faithful, then the weightφ f is faithful on e f N e f .
(2) There exists a contractive map,
Proof. Begin by observing that the weightφ f is faithful, provided that ϕ is faithful. To this end assume that y ∈ e f N e f is such thatφ f (y * y) = 0. Then, by faithfulness ofφ, yλ(f ) = 0. But then, as e f is the projection onto the closure of the image of λ(f ), we also have ye f = 0. Finally y ∈ e f N e f , so y = 0. We shall now prove that U f is contractive. For x ∈ n ϕ , since π(x) * e f π(x) ≤ π(x * x), using Lemma 5.2 and Lemma 2.2 yields
This implies that Λφ f (e f π(x)e f ) 2 ≤ Λ ϕ (x) 2 and hence U f is contractive.
We now prove the following preliminary theorem. We shall improve on it later, once we have established that the Haagerup property is independent of the choice of the weight.
Theorem 5.5. Let M be a von Neumann algebra with normal, semi-finite, faithful weight ϕ. Let G be a locally compact group. Let α : G → Aut(M) be a strongly continuous group of automorphisms such that ϕ • α = ϕ. Let N := M ⋊ α G be the crossed product with dual weightφ := ϕ • π −1 • T . Then the following hold.
(1) Consider a net of functions
. Assume also that for every j ∈ J the pair (e j N e j ,φ j ) has the Haagerup property with cp maps {Φ
k that are uniformly bounded both in j and k. Then also (M, ϕ) has the Haagerup property. Hereφ j :=φ f j is the weight constructed in Proposition 5.4 and e j := e f j is also defined there. Proof. We start the proof by showing how (2) and (3) relate back to the case (1).
(2) We claim that the assumptions of (1) It follows from Theorem 4.3 and its proof that (N ,φ j ) has the Haagerup property with uniform bounds on the L 2 -implementations as in (1) . Thus from this point the proofs of (1) and (2) proceed in exactly the same way.
(3) We observe the following. Since (M, ϕ) has the Haagerup property so has the pair given by (M⊗B(L 2 (R)), ϕ ⊗ Tr), c.f. Lemma 3.5 and Proposition 3.4. Since M⊗B(L 2 (R))) is isomorphic to the crossed product N ⋊ θ R and in that case the double dual weightφ corresponds to ϕ ⊗ Tr (see [27, Theorem X.2.3] ) it suffices to find functions f j such that (1) is satisfied for α = θ and G = R. We letf j = |F j | − 1 2 χ F j where F j = [−j, j] (they are Følner sets) and let f j be its Fourier transform and note that f j L 2 (R) = 1 by Plancherel's identity. Then λ(f j ) = ν(f j ) (by [27, p. 259 (13) ] and the Fourier transform). Let e j be the support projection of λ(f j ) and note that in fact e j = ν(χ F j ), again by [27, p.259 (13) ]. Let (M⊗B(L 2 (R)), ϕ ⊗ Tr) have the Haagerup property with approximating cp maps Φ k and L 2 -implementations T k . Then (e j (M⊗B(L 2 (R))e j ,φ j ) has the Haagerup property with approximating cp maps
Since ν(f j ) is a multiple of the the identity in the corner algebra e j (M⊗B(L 2 (R))e j the latter map is just e j Φ k (e j · e j )e j . The L 2 -implementations of the latter map are bounded by sup k T k as e j is in the centralizer ofφ. By the fact that f j (s) = √ jf 1 (js) it follows that G |f j (s)| 2 g(s)ds → g(e) for every g ∈ C c (G). Again the proof now proceeds exactly as in case (1) .
So from this point we shall assume (1).
Step 0: Construction of completely positive maps. Let for each j ∈ J the sequence {Φ (j) k } k∈N be the sequence of completely positive maps witnessing the Haagerup property of (e j N e j ,φ j ). That
k , is compact and T (j) k → 1 strongly as k → ∞. For each k ∈ N, j ∈ J define a normal, completely positive map M → M by the formula Ψ (j)
Step 1: Verifying the first criterium of Definition 3.1. We have the following estimate, in which we use respectively the definition of Ψ (j) k , the defining property of Φ
This shows that Ψ (j) k satisfies Definition 3.1 1 for (M, ϕ), for every j ∈ J and k ∈ N.
Step 2: Verifying the second criterium of Definition 3.1. We shall prove that each Ψ (j) k also satisfies Property 2 of Definition 3.1. That is, we shall show that for each j ∈ J, k ∈ N, the formula
determines a compact operator on L 2 (M, ϕ), and the corresponding operator norms are uniformly bounded. In order to do so, we need two auxiliary maps:
• Firstly, by Proposition 5.4 there exists a contraction,
• Secondly, by Lemma 2.1 and Lemma 5.2 we may introduce a contractive map, using that
Now, we claim that we have the following intertwining property:
k is compact. To prove the claim, let x ∈ n ϕ . Then,
Step 3: Verifying the third criterium of Definition 3.1. We now arrive at choosing j ∈ J and k ∈ N so that we construct a suitable approximating sequence of maps out of the maps Ψ (j) k . By separability of M, one may find an increasing sequence of finite subsets of n ϕ such that the union of the corresponding images in L 2 (M, ϕ) is dense. The proof proceeds by choosing appropriate j ∈ J and k ∈ N so that the resulting sequence Ψ (j) k (indexed by finite subsets mentioned above) witnesses the Haagerup property for (M, ϕ). For the rest of the proof we fix a finite subset F ⊆ n ϕ .
Firstly, we claim that there exists a j ∈ J such that for every x ∈ F we have,
Here |F | is the number of elements in F . Indeed, using Lemma 5.2,
and the corresponding limit in j tends to 0 by Lemma 2.4. Next, we may choose k ∈ N such that for every x ∈ F we have
k . In that case, for every x ∈ F , we have,
And hence, also for all x ∈ F ,
This ends the proof.
5.3.
Main results of the section.
Theorem 5.6. Let M be a von Neumann algebra (recall with a separable predual) and let ϕ and ψ be two normal, semi-finite, faithful weights on M. Then, (M, ϕ) has the Haagerup property if and only if (M, ψ) has the Haagerup property. That is, the Haagerup property is an invariant of M.
Proof. Assume that (M, ϕ) has the Haagerup property and let σ ϕ be the modular automorphism group of ϕ and θ the dual action defined in (5.5). By crossed product duality [27, Theorem X.2.3], there is a canonical isomorphism,
such that the second dual weightφ corresponds to ϕ ⊗ Tr. Since (M, ϕ) has the Haagerup property, it follows that (M⊗B(L 2 (R)), ϕ ⊗ Tr) has the Haagerup property, c.f. Lemma 3.5 and Proposition 3.4. Furthermore, it is clear from the definition that the dual action θ is a strongly continuous ϕ-preserving 1-parameter group of automorphisms of M ⋊ σ ϕ R. Therefore, Theorem 5.5 implies that (M ⋊ σ ϕ R,φ) has the Haagerup property. By [25, Proposition 3.5], we have the following isomorphism of von Neumann algebras:
The von Neumann algebra M ⋊ σ ϕ R is well-known to be semi-finite (this follows, as the modular automorphism group t → σφ t coincides with the 1-parameter group t → Ad λ(t) consisting of inner automorphisms, see the proof of [27, Theorem X.1.1]). Theorem 4.3 implies that (M ⋊ σ ψ R,ψ) has the Haagerup property. Then, since σ ψ is a strongly continuous ψ-preserving 1-parameter group of automorphisms we may apply Theorem 5.5 to see that (M, ψ) has the Haagerup property.
Remark 5.7. From this point we will simply say that a von Neumann algebra M has the Haagerup property, without specifying the weight (or state) with respect to which this property holds. The independence of the weight allows us to improve on several preliminary results. 
This yields properties 2 and 3 of Definition 3.1.
Proposition 5.9. Let N be a von Neumann algebra and let e ∈ N be a projection. If N has the Haagerup property, then so does eN e.
Proof. Let ϕ be a normal, semi-finite, faithful weight on N with support equal to e. Let ψ be a normal, semi-finite weight on N with support equal to 1 − e. Set ρ = ϕ + ψ. Then ρ is a normal, semi-finite, faithful weight on N and e is contained in the centralizer of ρ. The lemma follows then from Lemma 4.1.
It is important to note that it follows directly from the constructions in our proofs that not only M has the Haagerup property if and only if its core M ⋊ σ R does so; moreover the bounds on the cp approximating maps (Φ k of Definition 3.1) do not increase. Since for a semi-finite von Neumann algebra these approximating maps may in fact be chosen contractive, this holds in fact for any von Neumann algebra (see [6] for a similar argument). In particular, the assumption (1) on the bounds of T Proof. We use the notation of Theorem 5.5. Suppose that N has the Haagerup property. It follows then from Proposition 5.9 that for any f l ∈ C c (G) such that f l L 2 G = 1 and λ(f l ) ≥ 0, the von Neumann algebra e l N e l , where e l is the support projection of λ(f l ), has the Haagerup property. So if N has the Haagerup property, then the conditions of Theorem 5.5 (1) are satisfied (the assumption on the bounds of T (j) k follow from the considerations preceding this theorem) and hence M has the Haagerup property.
From the von Neumann algebra to the crossed product
In this section we present the converse of our results in Section 5 for amenable groups: we will prove that if an amenable group G acts on a von Neumann algebra M that has the Haagerup property, then the crossed product N = M ⋊ G has the Haagerup property. Our proofs rely on similar techniques as those in Section 5. However, since the situation here is (Pontrjagin) dual to Section 5, some of our arguments change.
We use again the notation of the Subsection 5.1.
We start with the following lemma. Part of the statement was already proved in [17, Lemma 3.9] .
Lemma 6.1. Let x ∈ C c (G, M) and let f ∈ C c (G). Define, for each s, t ∈ G, the element a t (s) = f (s −1 t)x(s) ∈ M and set
Then, S f is a normal completely positive map from M⊗B(L 2 G) to N . Moreover, if χ F denotes the characteristic function of a measurable set F ⊆ G, then
This implies in particular that if ϕ is an α-preserving normal, semi-finite, faithful weight on M with dual weightφ on N , then,
Moreover for every y ∈ nφ we have
Proof. We may assume that f = 0, as otherwise the claims of the lemma are trivially satisfied. The fact that S f defines a normal, completely positive map was proved in [17, Lemma 3.9 ]. Thus we only need to prove (6.1) and (6.2) (the last two statements in the lemma follow then easily by putting F = G). Firstly, we have the following series of equations (note we use the fact that images of the maps π and ν commute):
Next, we see that for g ∈ G,
This allows us to continue the computation (6.4):
This proves (6.1). Next we choose a measurable F ⊆ G and computẽ
As suggested above, if F = G the above expression reduces tõ
Thus we obtain an isometric map Λφ(µ(
. Lemma 5.1 implies also that for each y ∈ nφ we may find a net {x i } in B ϕ such that µ(x i ) converges σ-weakly to y and Λφ(µ(x i )) converges in norm to Λφ(y). This implies that Λφ •S f (µ(x i )) is a Cauchy net and since Λφ •S f is σ-weak/norm closed, this means that also y ∈ nφ •S f andφ • S f (y * y) = f 2 L 2 Gφ (y * y).
Note that we are not claiming that the weightsφ • S f and f 2 L 2 Gφ coincide, but only that their values coincide on mφ, i.e. the linear span of n * ϕ nφ. Definition 6.2. An approximating sequence in C c (G) is a sequence (g n ) ∞ n=1 of non-negative elements in C c (G) such that for each n ∈ N we have g n 1 = 1 and for each s ∈ G we have
It is well-known (see for example [23, Proposition 0.8] ) that G is amenable if and only if G admits an approximating sequence in C c (G).
The proof of the following Lemma 6.3 is almost exactly the same as Lemma 5.3. The difference is mainly that it involves an extra degree of crossed product duality.
Proof. Let {x i } i∈I be an increasing net of positive elements in n ϕ such that x i ր 1 strongly. Such a net exists by applying [27, Proposition II.3.3] to m ϕ , which is contained in the left ideal n ϕ . The map π : M → N is normal so that it preserves suprema and hence π(x i ) → 1 strongly in N . Let {h j } j∈J be a net in C c (G) such that h j 1 = 1 and with supports shrinking to the unit element of G. Then, λ(h j ) → 1 strongly in N . Define a α (s) = h j (s)x i with α = (i, j) ∈ I × J with the natural net structure. By definition µ(a α ) = λ(h j )π(x i ). Since the product is strongly continuous on bounded sets, we find that µ(a α ) → 1 strongly in N , hence in M⊗B(L 2 G) which acts on the same Hilbert space. By Lemma 6.1 we see that
This means that enφ •S f e contains a net that converges strongly to e. Since enφ •S f e is a left ideal in e(M⊗B(L 2 G))e, it is therefore strongly dense in the latter algebra, which proves the lemma.
Proposition 6.4. Let M, N , ϕ,φ, α, G be as in Section 5. Let f ∈ C c (G) + with f L 2 (G) = 1 and support equal to F and set e f = ν(χ F ). Let ϕ f be the restriction of the weightφ • S f to the corner algebra e f (M⊗B(L 2 G))e f . There exists a contractive map,
Proof. For y ∈ nφ we find by (6.3) that Λ ϕ f (e f ye f ) 2 2 = ϕ f (y * e f y) ≤ ϕ f (y * y) =φ(y * y) = Λφ(y) 2 2 . This proves that each V f is contractive.
Lemma 6.5. Suppose that G is amenable and let (g n ) ∞ n=1 be an approximating sequence in C c (G). Define for each n ∈ N function f n = g 1 2 n . Then, for every y ∈ nφ, lim n→∞ Λφ(S fn (y)) − Λφ(y) 2 = 0.
Proof. Note that S fn (y) ∈ nφ by Lemma 6.1 and Lemma 2.1. In particular Lemma 6.1 implies that the family of maps Λφ(y) → Λφ(S fn (y)) is jointly bounded. We need to prove that it converges to 1 strongly.
Let x ∈ B ϕ and put y = µ(x ♯ * x). By Lemma 5.1 it suffices then to prove the equality displayed in the lemma for such y. Put also a n,t (s) = f n (s −1 t)x(s), t, s ∈ G, n ∈ N, and define the M-valued functions b, b n on G by the formulas (n ∈ N, u ∈ G) Theorem 6.6. Let M be a von Neumann algebra. Let G be a locally compact, amenable group. Let α : G → Aut(M) be a strongly continuous group of automorphisms. Let N := M ⋊ α G be the crossed product. If M has the Haagerup property, then so does N .
Proof. Without loss of generality, we may assume that there exists a normal, semi-finite, faithful weight ϕ on M for which the action of α is ϕ-preserving. Indeed, M has the Haagerup property if and only if M⊗B(L 2 G) has the Haagerup property and N has the Haagerup property if and only if N ⊗B(L 2 G) has the Haagerup property, see Proposition 3.4, Proposition 5.8 and Lemma 3.5. We have N ⊗B(L 2 G) = (M⊗B(L 2 G)) ⋊ β G (again see [12] ), so it suffices to prove the theorem for the case α := β (and hence with M and N replaced with their tensor products with B(L 2 G)). But M⊗B(L 2 G) has several β-invariant normal, semi-finite, faithful weights -in fact every weight ψ • S with ψ a normal, semi-finite, faithful weight on N provides such an example (see Subsection 5.1 for the definition of S).
Since G is amenable, it admits an approximating sequence (g n ) ∞ n=1 in C c (G). Define for each n ∈ N, as before, the function f n = g 1 2 n , set F n = supp f n and the projection e n = ν(χ Fn ). Define the normal, semi-finite weight ϕ n on M⊗B(L 2 G), c.f. Lemma 6.1, by the formula
and consider its restriction to the algebra e n (M⊗B(L 2 G))e n . We observe that it remains then a faithful, normal semifinite weight: faithfulness can be shown (using the fact that the operator valued weight S and the weightφ are faithful) as in the beginning of the proof of Proposition 5.4, normality is clear (as S andφ are normal) and finally semi-finiteness follows from Lemma 6.3. Using Proposition 5.9, we then see that (e n (M⊗B(L 2 G))e n , ϕ n ) has the Haagerup property.
Step 0. Now, let {Φ (n) k } k∈N be the sequence of completely positive maps witnessing the Haagerup property of (e n (M ⊗ B(L 2 G))e n , ϕ n ). That is, ϕ n • Φ k (e n xe n ) , x ∈ N .
Step 1. We have the following estimate. We use respectively the definition of Ψ k (e n ye n ) ≤φ • S fn (e n ye n ) =φ • S fn (y) ≤φ(y). (6.6) This shows that Ψ (n) k satisfies Definition 3.1 1 for (N ,φ) for every k, n ∈ N.
Step 2. Next, let us prove that Ψ (n) k also satisfies Definition 3.1 2 for every k, n ∈ N. That is, we shall show that, S (n)
